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Rates of deposition of particles onto a spherical collector, immersed in 
a creeping fluid, are calculated as a function of Peclet number, aspect ratio, 
and the ratio of Hamaker’s constant to kT for all cases of practical im- 
portance involving convective-diffusion and London forces. Boundaries of 
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were included in the calculations for some representative conditions but 
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rates. 
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tion rates calculated from a rigorous consideration of their combined effect. 
Thus the additivity rule was verified for the cases studied. 
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SCOPE 
Deep-bed granular filters are used to clarify fluids con- 

taining a small amount of fine particulate matter. Spaces 
between grains of the bed are generally quite large com- 
pared with the size of the suspended particles so that the 
bed does not act like a sieve. Instead the bed provides 
a surface on which the particles may stick by the action 
of London (van der Waals) forces. Besides holding the 
particles to the collector surface, London forces may act 
over a sufficiently long range to aid in the transport of 
particles to the surface. 

The effectiveness of deep-bed filters in removing sus- 
pended particles is measured by the value of the filter 
coefficient which in turn is related to the capture efficiency 
of a single characteristic grain of the bed. Capture effi- 
ciencies are evaluated in the present paper for all cases 
of practical importance in which London forces and con- 
vective-diffusion serve to transport particles to the surface 
of a spherical collector immersed in a creeping flow field. 
Gravitational forces are considered in some cases, but the 
general results apply mainly to submicron or neutrally 
buoyant particles suspended in a viscous fluid such as 
water. Results obtained by linearly superimposing the in- 

dividual contribution from each mechanism are compared 
with those obtained from a rigorous coupling of mecha- 
nisms in order to test the additivity rule. 

Suspended particles are considered to have finite size; 
thus both the mobility coefficient and diffusion coefficient 
of the particles depend not only on the size of the particle 
but also upon the distance between the particle and the 
collector, A numerical finite-difference technique is used 
to solve the general transport equation. 

Several limiting cases are discussed in order to obtain 
insight and perspective. To identify these limiting cases, 
some quantity is sought for each mechanism which will 
characterize its relative importance. 

The objectives of the present paper are to: (1) compute 
the rate of deposition of particles onto a spherical col- 
lector in a creeping flow field for all situations in which 
London forces and convective-diffusion act as transport 
mechanisms, (2) identify limiting behaviors according to 
the relative values of the characteristic parameters for 
each mechanism, (3) establish the physical conditions in 
which each of the limiting cases is valid, and (4) test the 
accuracy of the additivity rule. 

CONCLUSIONS AND SIGNIFICANCE 
The capture efficiency or Shenvood number was shown 

to be a function of three dimensionless groups-the Peclet 
number, the aspect ratio (collector radius divided by par- 
ticle radius), and the ratio of Hamaker’s constant (indicat- 
ing the intensity of London forces) to the thermal energy 
of the particles. Calculated values for the rate of deposi- 
tion, expressed as the Sherwood number, are plotted in 
Figure 6 as a function of the three dimensionless groups. 

The distance from the collector surface over which each 
mechanism or effect exerts an influence was found to be 
a useful characteristic parameter. Table 1 lists the five 
lengths used to identify each of the limiting cases sum- 
marized by Table 2. Three principal limiting cases were 
considered: (1) situations where London forces are negli- 
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gible, (2) situations in which diffusion is negligible, and 
(3) situations where the fluid motion is negligible. Several 
subcases appear for various orderings of other lengths. 
Regions of applicability for each of the limiting cases, 
along with the corresponding rate, are outlined in Table 3. 

For those cases in which gravitational forces are also 
included, values of the Sherwood number are summarized 
in Figure 8. The ratio G of the gravitational potential of a 
particle, located one particle radius above the collector, 
to the thermal energy was used to characterize the effect 
of gravity. For an aspect ratio of 100, gravitational forces 
were found to be negligible when G < 10-2. 

Sunerimposing the individual contribution of each 
mechanism was found, in those cases tested, to yield very 
nearly the same overall deposition rate as obtained by 
rigorous consideration of coupling. 
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Because colloidal particles have finite size, their mo- 
bility and diffusion coefficients depend not only upon 
their size but also upon the distance from the collector 
surface. This variation with distance stems from fric- 
tion between the collector surface and the fluid which 
increases the force required to push the fluid out of 
the path of the approaching particle. In the usual trans- 
port equation containing only convective and diffusive 
terms, the size of the molecules is small enough for the 
thickness 6, to be small compared to the length &, where 
6, and 6~ are explained in Table 1. Other situations 
arise in which these conditions are not met, or in which 
London or gravitational forces are important. To iden- 
tify the limiting cases, it is useful to seek some quantity 
for each mechanism which allows the ordering of its 
relative importance. 

For the case of purely attractive forces (such as Lon- 
don-van der Waals forces) the length & over which they 
act is a useful characteristic. An attractive force which 
acts over a distance which is much less than 6~ will 
not contribute substantially to the overall rate. When 
repulsive forces (such as the electrostatic double-layer 
forces) are also present, they may effectively prevent 
particles from arriving at the collector, even when they 
act only over a very short distance. For this reason 
the decay length alone cannot characterize the relative 
importance of the joint effect of attractive and repul- 
sive forces. Useful characteristics of their combined effect 
may be obtained by considering the total potential energy 
of interaction between the particle and the collector. 

When repulsive forces are acting together with attrac- 
tive forces, the parameter which best characterizes the 
effect of the repulsive force is the height E of the energy 
barrier defined in Figure 1. If E is large enough, the 
particles at hmin will experience difficulty in overcoming 
the barrier. Should the thickness of the region in which 
London and double-layer forces contribute substantially 
to the flux also be small compared to &D, then the effect 
of the interaction forces can be lumped into a boundary 
condition of the transport equation which takes the form 
of an apparent, first-order, chemical reaction (Rucken- 
stein and Prieve, 1973; Spielman and Friedlander, 1974). 
On the other hand, should the barrier be small enough, 
the repulsive forces will have little effect. 

The present paper deals with suspensions in nonpolar 
solvents or in aqueous solutions of moderate or high 
ionic strength, where double layer forces are negligible. 
Gravitational forces are considered in a number of rep- 
resentative cases; however, the emphasis is upon the 
mechanisms of convective-diffusion and London forces. 
Several limiting casa  occur which can be classified by 
an ordering of the characteristic lengths summarized by 
Table 1. Three principal limiting behaviors may be 
identified: (1) situations where London forces are neg- 
ligible, (2)  situations where diffusion is negligible, and 
(3) situations where fluid motion is negligible. Table 2 
identifies each case and lists the corresponding investiga- 
tor and technique employed. Several subcases appear 
due to various orderings of the other lengths. 

0 

-. 

T H E O R E T I C A L  D E V E L O P M E N T  AND SOLUTION 
OF TRANSPORT EQUATION 

When an isolated sphere is held stationary in a creep- 
ing flow field containing suspended particles (see Figure 
2 ) ,  the equation of continuity in spherical coordinates, 
allowing azimuthal symmetry, is given by 

\ 
\ 

\ \ Separation h 

/ 
hrm- 

Attractive London Energy -- hmln +( ’\\ 
/ 

1 8  i a  -- (r2Nr)  + -- (NesinO) = 0 (1) r2 ar r s i n 6  dB 

TABLE 1. CHARACTERISTIC LENGTHS 

Definition 

Length over which London forces contribute 
substantially to the radial particle flux. 

Length over which convective-diffusion con- 
tributes substantially to the radial particle 
flux. 

Length over which the mobility and diffusion 
coefficients vary appreciably with radial dis- 
tance. 

Collector radius. 
Particle radius. 

Fig. 1. Profile of the total energy of interaction between a colloidal 
particle and the collector surface arising from the double-layer 

repulsion and London attraction. 

The radial and tangential components of the total par- 
ticle flux vector, taken to be positive in the direction 
of increasing r or increasing 8, can be written as 

where the first term (proportional to c)  represents the 
particle flux resulting from Londcn forces and fluid mo- 
tion; thus 6, and ~ L j g  may be interpreted as the non-Brown- 
ian particle velocities. Except far from the collector, 
these are not equivalent to the corresponding components 
of the fluid velocity since particle trajectories do not 
coincide with fluid streamlines even in the absence of 
Brownian motion or interaction forces. 

Nan-Brownion Particle Velocities 

By performing a radial force balance, Spielman and 
Fitzpatrick (1973) determined the radial velocity of a 
particle attracted to a spherical collector by London 
forces when particle inertia and Brownian motion are 
negligible: 

(3)  
or ( k 8 )  - S r  ( h , @ )  f2 ( h / u p )  2 A%3 -- - 
m (hid m, 3 ( h  + 2%) 2h2 
i-,,-J %/-> .-- 
viscous fluid motion London 

drag force force 

Hamaker’s (1937) expression for the unretarded London 
force was employed, whereas the expression for the force 
exerted by fluid motion was taken from the results of 
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TABLE 2. Suxixmy OF LIMITING CASES 

Case Subcase 

1 

a 

a 

b 

C 

3 

Ordering of lengths References 

a p  and 6~ << 6~ 

u p ,  6 ~ ,  6, << 6~ << a Levich (1962) 
Lightliill (1930) 

b~ and ap << 6~ and a This paper 

6D << 6 F  
6 D  << 8 F  << a Spielinan and FitzPatrick 

(1973) 

6~ and 8~ << a p  Fnchs (1964) 

6~ << 6~ and a 

a p  and a << 60 

This paper 

This paper 

Goren and O’Neill (1971) ,  who calculated the normal 
force exerted by creeping flow over a sphere near a plane 
surface. Although the flow field in the present problem is 
somewhat more complex than that considered by Goren 
and O’Neill, the curvature of the plane surface as well as 
a tangential velocity component have only secondary effects 
upon the normal force, so their result is reasonably applic- 
able here. 

Since tangential diffusion has been neglected, only fluid 
motion contributes to the tangential particle velocity. Near 
to the collector the fluid appears to be  experiencing uni- 
form, linear, shear flow. Goldman e t  al. (1967b) studied 
the viscous motion of a sphere in Couette flow and found 
the particle velocity to be proportional to, b u t  less than, 
the undisturbed fluid velocity a t  the particle’s center: 

(4) 
In situations where separations comparable to the collector 
radius ( h  2 a )  need to be  considered, the particle no 
longer experiences Couette flow. However, Equation (4) 
correctly predicts that 2;@ approaches se at  large separa- 
tions, whereas a t  small separations, where the distinction 
between 2jg and sg is most important, the conditions of its 
derivation are practically satisfied. 

Particle inertia has been assumed to be substantially 
smaller than the viscous drag force. This assumption will 
be valid provided the Reynolds number ppa,PU/p is suf- 
ficiently small, which is more likely to b e  the case with liq- 
uids than gases. 

Position-Dependent M o b i l i t y  a n d  Diffusion Coef f ic ient  

Suppose a spherical particle is moving under the action 
of a constant force toward a solid surface having a radius 
of curvature much larger than the particle. Friction be- 
tween the fluid and the particle creates a drag force which 
opposes motion. As the particle approaches the plane solid 
surface, its velocity decreases as a result of an increase in  
the drag caused by additional friction between the fluid 
and the wall. This decrease in particle velocity under a 

FLU ID 
STREAMLINES \ 

Comments 

Segligible interaction forces. 
Continuum mechanics apply. 
Diffusion boundary-layer approximation 

D is independent of position. 
Analytical solution possible. 
D is independent of position. 
Transition between subcases a and c. 
Fluid considered stagnant. 
D is independent of position. 
Analytical solution possible. 
D depends on distance from surface. 
Nunierical solution for rate. 

is valid. 

Diffnsion is negligible. 
Trajectory analysis used. 
Approximate velocity profile, only valid 

near collector, is used. 
Particle trajectories assumed to coincide 

with fluid streamlines. 
Capture by Interception. 
Analytic solution possible. 
Exact fluid velocity profile used. 

Fluid considered stagnant. 
Analytic solution possible. 

SURFACE 
Fig. 2. Colloidal particle suspended in a fluid creeping over the 

surface of a spherical collector. 

constant applied force implies a decrease in particle mobil- 
ity (velocity per  unit applied force). Llihen the particle 
Re>molds number is small, the  mobility can be  calculated 
using a modified form of Stokes’s equation: 

( 5 )  

where the factor f l  was calculated by Brenner (1961) to  
correct for the wall effect by considering the motion of a 
sphere through a quiescent fluid near a plane surface. At 
small separations ( h  < 4)  where f, becomes substantially 
less than unity, the fluid may be considered essentially 
quiescent. 

According to the Nernst-Einstein equation ( D  = mkT)  
the mobility and diffusion coefficients are proportional. 
TheI,, using Equation ( 5 ) ,  the diffusion Coefficient Of the 
particles can be expressed as 

D = Drfi (h /%)  (6a) 
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where 

Brenner's correction factor f l ( H )  tends to H when H << 
1 and to ( H  - 1/8) / (H + 1)  when H >> 1. 
Undisturbed Fluid Velocities 

When the flow over the collector is sufficiently slow 
( p a p U / p  < I ) ,  Stokes's expressions for the undisturbed 
fluid velocity can be used: 

D, = kT/&r p (6b) 

3 a  l a  
2 r  

sr = - PU [ 1 - - (-) + (-->s ] case (7a) 

and 
~ ~ = ~ U [ 1 - ~ ( ~ ) - 1 ( ~ ) 3 ] s i n S  3 (7b) 

4 r  

For an isolated sphere /3 is unity and U is the approach 
velocity; for creeping flow around one grain of a packed 
bed, ,9 is a semiempirical factor introduced to account 
for the effects of the bed porosity and U is the superficial 
velocity. Happel's (1958) model may be used (Spielman 
and Fitzpatrick, 1973) to estimate 8. However, Happel's 
model assumes that flow occurs only in a narrow annulus 
near the surface of the grain; integration of the transport 
equation sometimes involves a larger region. A more ade- 
quate model does not presently exist. 

Transport Equotion ond I t s  Boundary Conditions 

Combining the continuity equation and flux expressions 
together with particle and !hid velocities, then writmg the 
result in terms of dimensionless variables, yields the trans- 
port equation: 

with 
Y f 3 ( H )  sin0 

( R  + Y I 3  
u = [ + R2 + Y (+ R + Y ) ] (9a) 

and 

Mobility and diffusion coefficients were evaluated from 
Equations (5) and (6). The associated boundary condi- 
tions are 

C ( H  = 0, e) = 0, 

C ( H  = a,e) = 1, 
( 1 0 4  

( lob)  
and 

The concentration of particles in contact with the collector 
is taken to be zero because these particles are no longer 
part of the disperse phase. At large distances from the col- 
lector the particle concentration must tend to that of the 
approaching fluid. The third boundary condition arises 
from the symmetry about the forward stagnation path (8 
= 0) .  

Numerical Solution of Transport Equation 

The infinite radial domain (0 H < C C )  was com- 
pressed into a finite domain (0 4 7 4 1) by use of the 
following transformation: 
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which is similar to a transformation employed by Vrentas 
et al. ( 1966). With condition ( ~ O C ) ,  the transport equa- 
tion along 8 = 0 is an ordinary boundary value problem, 
for which finite differences with a uniform ?-step could 
yield a solution. For 0 > 0 the technique of Crank and 
Nicolson (1947) was used. 

When the Peclet number equals about R3, or when Ad < 
1 and Brownian motion is negligible, the radial concentra- 
tion profile displays a maximum value greater than unity. 
Then a generalized form of transformation ( l l a )  

H = bl In ( 1  - T )  + b2 In (1 - q") ( I l b )  

gave additional flexibility to distribute grid points of the 
H-domain both inside and outside the point corresponding 
to the maximum concentration. 

Evoluotion of the Deposition Rote 

Once the concentration profile is determined that satis- 
fies the transport equation, the radial flux can be evaluated 
from Equation (2a) and integrated over the collector sur- 
face to obtain the overall rate of deposition. When particles 
come in contact with the collector, the diffusion coefficient 
vanishes, leaving the radial particle flux equal to U,G; how- 
ever, the product urc is indeterminant at r = a ( H  = 0) ,  
since the particle concentration must vanish [Equation 
(lOa)], while London forces are accelerating the particles 
to nearly infinite velocity at the moment of contact. One 
means of avoiding this indeterminancy is to integrate the 
flux over some surface other than r = a. From the Gauss 
Divergence Theorem and the continuity equation, the in- 
tegral of the radial particle flux over any spherical surface 
concentric with the collector will have the same value re- 
gardless of the radius of the surface. Thus the following 
expression for the overall rate will be independent of r:  

In addition to avoiding the indeterminancy at r = a, the 
observation that this expression is independent of T pro- 
vides a test of the accuracy of the numerical technique 
used to evaluate C. 

Two dimensionless forms of the rate are useful. The ratio 
of the actual deposition rate to the rate of convection at 
large distances upstream from the collector is defined as 
the capture efficiency: 

e =  
I 

na2pUc, 

The Sherwood number 
ratio of the actual rate 
diffusion is considered: 

(13a) 
may be interpreted as twice the 
to the rate computed when only 

21 
4na D *co 

Sh = 

I 8C 
= (1 + f)' 2 

[ 2Rfl aH - (Pe)uC sin0 d0 

(13b) 

Eliminating I between these two equations results in the 
following relation : 

(14) 
1 

Sh = - e ( P e )  
4 
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DIMENSIONAL ANALYSIS 

Inspection of the dimensionless transport equation de- 
veloped above reveals that three dimensionless groups- 
Pe, R, and A/kT-influence the dimensionless concentra- 
tion profile. Since the expressions for the capture efficiency 
and Sherwood number involve no additional groups, it is 
possible to write 

( 1 5 4  

A 
kT Sh = Sh (Pe ,  R, -) 

However, for large Peclet numbers and small Hamaker’s 
constants, the quantity eR2 can be expressed as a function 
of only two dimensionless groups. 

For large Peclet numbers and small Hamaker’s constants, 
appreciable concentration variation occurs only very near 
to the collector. Then Stokes’s expressions for the fluid 
velocity may be expanded in a Taylor series about the 
collector surface and higher order terms together with 
curvature effects may be neglected, yielding 

R3 d2C 
2-j1- Pe aH2 Pe dH dH 

- [ . . . ) + - ] C = R u -  d ( R2v) dC (16) 
aH ae 

- 4 (A)( !E) f l (H)  (17b) 3 kT (Y2 - 1 ) 2  

These equations involve only two independent dimension- 

less groups: Pe/R3 and - (” )( g) . In later discus- 
3 kT 

sions it will be convenient to give this second group a new 
name: Ad. Recalling Equation (12) for the capture effi- 
ciency, together with those immediately above, we can 
deduce 

whenever the concentration variations occur only very 
near to the collector surface. 

RESULTS AND D I S C U S S I O N  

In the presentation of results, the principal limiting cases 
summarized in Table 2 will be discussed first. Then the 
general results will be presented, followed by the identi- 
fication of the regions in which the rate predictions for 
each limiting case are valid. Finally, gravitational effects 
and the additivity rule are discussed. 

Case 1 : Brownian Particles w i t h  Weak London Forces 

In this case London forces cause adhesion of the parti- 
cles coming in contact with the collector but do not aid 
in the transport; hence A/kT is taken as zero. Because 
one of the subcases (Case l c )  is pure diffusion, it seems 
more reasonable to express the rate of deposition as the 
Sherwood number. 

Figure 3 summarizes the results obtained when the con- 
tribution of London forces to the transport rate is negligi- 
ble. \f7he11 the boundary-layer analysis of Levich and 
Lighthill is \ d i d  (Case l a )  the Sherwood number is given 
by 
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I- / /  i 
/ 

Pe 
Fig. 3. Case 1. Sherwood numbers computed for the convective- 
diffusion of particles of finite size to the surface of a spherical 
collector by neglecting interaction forces. The dashed line i s  the 
Levich-Lighthill equation (19) which i s  valid when a diffusion 

boundary-layer exists and the particles are infinitesimal. 

S,h = 0.995 ( P e )  1’3 (19) 
whereas when pure diffusion occurs (Case l c )  , the Sher- 
wood number is, by definition, two. Deviations from the 
Levich-Lighthill equation occur when (1) S D  is not small 
compared to the collector radius, or ( 2 )  when the particle 
size becomes large when compared with the diffusion 
boundary-layer thickness. To avoid condition ( 1) the 
Peclet number must be larger than 100, whereas to avoid 
condition (2 )  the Peclet number must be smaller than 
1V4E’. The form of this latter condition may be derived 
by taking S,, = “1 a,, as suggested by Equation ( a ) ,  and 
by taking S D  = 012 a(Pe)- l / : ’ .  Then 6, << 6D whenever 

<< 2 R. The ratio q / a l  as well as the validity of 

this condition can be deduced by inspection of Figure 3. 
Thus Equation (19) is valid in the interval 100 Pe 6 
10-4RR” when A/kT is sufficiently small. 

Use of Fick’s law to describe the diffusion process re- 
quires the solute particle to be small compared with the 
diff usion boundary layer. The analysis presented above 
suggests that, for Peclet numbers greater than 100, the 
ratio So/a, is proportional to ( P e ) 1 / 3 / R .  The solid curves 
in Figure 3 are truncated at the value of the Peclet number 
corresponding to Pe/R3  = lop2, where an inspection of 
the radial concentration profile re\.ealed that the ratio 
&/a, is about ten. 

Case 2: Non-Brownian Particles 

All particles, regardless of their size, undergo some de- 
gree ot random or Brownian motion. However, the signifi- 
c‘iiice of this movement as  a transport mechanism is less 
for large particles. In this paper non-Brownian refers io 
situations in which Bro\vnian motion may be ignored when 
computing particle transport rates. Neglecting the dif- 
fusive terms in the transDort Equation ( 8 ) ,  a dimensional 

f f 1  

. . .  
analysis shows that the product eR2 depends only upon 

H aiid 4 ($ ) x. R3 
3 

4 R3 
The group 5 ($) - denoted by Ad, can also be 

Pe ’ 
rvritten as 
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This dimensionless group, introduced for conciseness in 
rate correlations, has no simple physical interpretation. I t  
is the product of several ratios: A/kT represents the ratio 
of the characteristic London interaction energy to the ther- 
mal energy of the particle, R is the aspect ratio, while the 
Peclet number may be considered as the ratio of a charac- 
teristic energy for drag losses to the thermal energy pos- 
sessed by the particle. This interpretation for the Peclet 
number becomes evident by using the relation D = mkT 
to write 

Capture efficiencies are presented in Figure 4 for cases 
in which Brownian motion may be neglected. Small Ad 
implies weak London forces, hence 8~ << a. From Equa- 
tion (18) one then expects that eR* will depend only upon 
Ad for small Ad, as may be observed in Figure 4. Spielman 
and Fitzpatrick (1973) used a trajectory analysis to treat 
this limiting case. 

Curves corresponding to large aspect ratios have a linear 
asymptote for large values of Ad: 

10 < Ad < l 0 - W  ( 2 2 )  

No linear asymptote is observable for small Ad. For Ad 4 
lOP6R7 the value of eR2 was observed to be independent 
of R and 8~ << a. 

Fuchs (1964) computed the efficiency of capture by 
assuming the particles always follow fluid streamlines 
(Case 2b).  Capture takes place when a streamline ap- 
proaches one particle radius of the collector surface. 
Fuchs's analysis yields eR2 = 3/2, which is plotted in 
Figure 4 as the dotted horizontal line. This result does 
not consider the effect of Brownian motion or London 
forces and therefore should yield the limiting value of eR2 
for non-Brownian particles when Ad approaches zero. 
However, Figure 4 shows that as Ad becomes small, eR2 
computed from a more rigorous analysis is considerably 
smaller than 3/2. Careful analysis of particle motion in 
flow fields near to a solid surface have shown that the 
particle velocity differs considerably from the undisturbed 
fluid velocity at the particle's center (Goren and O'Neill, 
1971; Goldman et al., 1967). The radial component of 
the particle velocity, deduced from Equation ( 3 ) ,  ap- 
proaches zero as the particle approaches the surface in 
the absence of London forces, whereas the undisturbed 
radial fluid velocity at the particles center does not vanish 
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eR2 = 2.19 (Ad)0.339, for 

even when the particle is in contact with the surface. 
Particle velocities coincide with fluid velocities only when 
the particle is several diameters away from a solid surface. 
For this reason Fuchs's analysis may yield only a qualita- 
tive indication of the efficiency. I t  does, for example, cor- 
rectly and simply show that the efficiency for non-Brownian 
particles and weak London forces is proportional to R-2. 

Case 3: Stagnont Fluid 
When the velocity at which the fluid approaches the 

collector becomes sufficiently slow the fluid may be con- 
sidered to be essentially stagnant. The continuity equation 
for this situation takes on a particularly simple form whch  
can be integrated to yield 

(23) 

If the London force is expressed as the gradient of the 
potential energy of interaction +, the total flux may be 
written as the sum of the London and diffusive fluxes: 

Equating these two equations for the radial flux yields a 
first-order ordinary differential equation in c, which may 
be integrated to yield 
c(" . )  - c ( a  + 4 

dr 
= LY exp[- +(a  + a , ) / k T 1 s ~ + a  exp[+(r)/kT] - r2D( T )  

(25)  

Applying the boundary conditions of Equation ( l o ) ,  (Y 

may be evaluated. The rate of deposition per unit area 
may then be calculated as - Nrlr=a+n, ,  from Equa- 

tion (23). In terms of dimensionless variables the result is 

which is plotted in Figure 5 .  Small A / k T  and large R 
correspond to pure diffusion of a solute of infinitesimal di- 
mensions through a stagnant fluid (Case l c )  for which 
%, Z F ,  6, and a are much less than 80, and the Sherwood 
number takes on a value of two. Both 6, and S F  are pro- 
portional to a,,, whereas 60 is proportional to a. If A / k T  

10' I 3 

I" 

loo lo1 102 10' 
R 

Fig. 5. Case 3. Sherwood numbers for the transport of  f ini te  size 
particles through a stagnant f luid to o spherical collector under 

the action of diffusion and  London forces. 
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is small so that 8~ << 6,, then as the aspect ratio R de- 
creases at  constant A / k T ,  8, becomes comparable to 6 ~ ,  
and the variation in the diffusion coefficient begins to in- 
hibit the transport. If A/kT is large so that s,,, << 8~ 
then, decreasing R at constant A/kT,  S F  becomes compar- 
able to 6~ and the transport rate is enhanced due to the 
action of the London forces. 

Reported values of A/kT nearly always are in the range 
lop2 < A/kT < lo2. Thus Figure 5 shows that, even in 
the best of circumstances ( R  = l) ,  this variation in 
Hamaker's constant by a factor of lo4, results in a change 
in the Shenvood number by only a factor of 7. Particle 
transport rates in stagnant fluids are not highly sensitive 
to small changes in Hamaker's constant. 

Generol Results 

The results presented in Figure 6 do not contain any of 
the approximations which lead to the three special cases 
which have been discussed previously. They were obtained 
by solving the general transport Equation (8). Limiting 
behaviors can, however, be observed. 

Dashed lines ( -  - -) represent the Levich-Lighthill equa- 
tion (19). For Peclet numbers less than unity, the Sher- 
wood numbers correspond to those computed for a stag- 
nant fluid (Case l c  or Case 3) using Equation (26).  At 
very large Peclet numbers the solid curves become tangent 
to the dotted lines ( .  . . . .) which represent the Shenvood 

numbers computed by neglecting Brownian motion (Case 
2 ) .  The dotted curves were deduccd from Figure 4, using 
Equation (14)  to relate Sherwood number and capture 
efficiency, together with Equation (20) to relate Ad to A/ 
kT and the Peclet number. 

Criterio for Neglect ing London forces or Brownion M o t i o n  

How small must the Peclet number be in order that 
8~ << 6~ for a given R and A/kT? How large must Peclet 
number be so that 6 D  << 8~ for the same R and A/kT? 
Answers to these questions are useful to design experi- 
ments that study London forces in the absence of Brownian 
motion or in analyzing a particular process to determine 
which effect is dominant. 

Let the convective-diffusion-controlled region be defined 
as those sets of conditions ( P e ,  R, A / k T )  for which the 
rate may be calculated to within lor; by ignoring London 

be those sets of conditions for which the rate may be cal- 
culated to within 10 Th by ignoring Brownian motion. These 
definitions suggest a method for determining limits for the 
regions. 

In the convective-diffusion-controlled region, the rate 
should be independent of the value of A / k T .  Selecting 
arbitrary values for the Peclet number and aspect ratio, 
the Sherwood number is first calculated for A/kT = 0. 
Then the value of the ratio A / k T  is gradually increased, 

forces. Similarly, let the London-forcecontrolled region 

Pe Pe 

I wo m ~ i o - 4 .  

/ I  
/ -  

Sh 

/, ,>I  , ,,,I I , , , I  , , , , I  I , , , I ,  , , , I  , , , / I  , , , , I  , , / , I  , , , , I  I , , , I  , I \ /  ' " ' 1  ' " ' I  loo 
I O - ~  loo 10' lo4 lo6 lo8 i o ' O  

Pe Pe 

Fig. 6. Sherwood numbers computed for the transport of finite particles to a spherical collector under the combined action of convective- 
diffusion and London forces. Values of the aspect ratio are (a) R = 104, (b) R = lo::, (c) R = 102, and ( d )  R = 10. Fcr each aspect ratio, 
the value of A/kT  was token (upper curves to lower curves) as 102, 1 ,  10-2, and 10-4. Dashed lines represent the Levich-Lighthill eqcation 
(19), while the dotted curves represent Sherwood numbers deduced from Figure 4 which ignores the transport from diffusion. 
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holding Pe and R fixed, until the Sherwood number has 
increased to a value that is 1.1 times its initial value. In  
this manner one point (Pe ,  R, A / k T )  on the boundary of 
the convective-diffusion region has been determined. 

LVithin the London-force-controlled region the value of 
the collection efficiency depends only upon the values of 

R and the product - ($) ~e (denoted A d ) .  Arbi- 

trarily selecting values for R and Ad, the efficiency is first 
computed for a value of the Peclet number that is suffi- 
ciently large so that no further change in the efficiency can 
be noted by changes in the Peclet number. Then the Peclet 
number and A/kT are gradually diminished, maintaining 
R and Ad fixed. until the efficiency increases by a factor of 
1.1. In this manner one point on the boundary of the 
London-force controlled region is determined. Figure 7 
summarizes the results. Selection of Pe/R3  as the ordinate 
removes most of the R-dependence from the location of the 
boundaries. 

Having established bounds on the regions where SF << 
6D and 61, << &, it is now possible to summarize the con- 
ditions of validity for each of the limiting cases discussed. 
This summary is reported in Table 3 along with the cor- 
responding rates of deposition. 

Effect of Gravi ta t ional  forces 
Components of the gravitational force may be included 

in the radial and tangential force balances, given by Equa- 
tions ( 3 )  and (4) ,  to yield 

4 R3 
3 

ur - S l f Z  - _ -  
m m, 

and 

where f 4 ( H )  is the correction factor for the wall effect 
upon the tangential mobility. Goldman et al. (1967a) de- 
termined values for f 4  by considering the slow viscous mo- 
tion of a sphere, through a quiescent fluid, parallel to a 

wall. A new dimensionless group-G = - rap4 ( p p  - p )  g/ 

kT-appears upon nondimensionalization of Equation 
( 2 7 ) .  This group may be interpreted as the ratio of the 

4 
3 

-- -___ 

r)-l o - ~  10.' loo 10' loz lo3 1e4 
A/kT 

Fig. 7. Identification of regions in which either London forces or dif- 
fusion may be neglected when calculating the rate of deposition. 
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TABLE 3. TRANSPORT RATES ASD REGIOSS OF \'.ALII>ITY Fon 
LIMITIXC C A S E S  

Case" Region of validityb Rateh 

la  

l h  

l c  

I tl 

2a 

21, 
2 c 
3 

100 < Pe < niin [lO-*RR3, S h  = 0.995 ( Y e ) ] ' : ;  

1 < Pe < min [lO-"R3, SIC ,.:3(Ye) 
g7 ( R, 1 

g i (  R, A/kT),  1001 
Pe  < niin [ l ,  g7( R, A / k T ) ]  S h  = 1 
R > 100 

R > max( Pel's, 10) 
Y e  < g i (  R ,  A/kT ) 

g7( R, P e )  < A / k T  

S h  

(>fl? - 

= g:j ( P E ,  n ) 
- & ( A d )  

< 10-cR4Pe 
(see disciission) c.Rz = 1.3 
A / k T  > g7( R, P e )  c , R ~  = g~ ( Ad, R ) 
Y e  < 1 SIl = g5( R ,  A / k T )  

a Refer to Tahle 2 for description of Cases. 
b \'due of the function gr(. . .) may be evaluated fronl Figure i. 

A / k T =  I 
l o 6 I  R =  IOC 

Sh 

Pe 

Fig. 8. Effect of gravitational forces upon the rate of deposition for 
a particular aspect ratio and Hamoker's constant. 

gravitational potential of a particle, located one particle 
radius from the collector, to the characteristic thermal en- 
ergy. 

Figure 8 shows the effect which gravitational forces have 
upon the deposition rates for one typical situation, namely 
A/kT  = 1 and R = 100. In the extreme case in which 
gravitational forces completely dominate the process, one 
could expect the particles to travel at their terminal veloc- 
ity uz along straight, vertical trajectories which leads to 
deposition at a rate I = na21;,c,. In dimensionless terms 
this result is expressed by 

1 
2 Sh=-RG (28) 

which agrees well with the results of Figure 8 at small 
Peclet numbers and G > 1. 

As an example, 0.23-micron (radius) particles with a 
density of 1.1 g/cm3 correspond to G - 0.01. Particles of 
this radius or smaller are not influenced significantly by 
gravity, according to Figure 8. However, deposition of 
larger particles is affected by gravity at small Peclet num- 
bers. 

Adequacy of  Addi t iv i ty  Rule 
In lieu of giving rigorous conyideration to the effects of 

coupling between transport mechanisms, as was done ill 
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Pe 

Fig. 9. Adequacy of the additivity rule for R = 101 and 
A/kT  = 104. Lower curve represents results obtained by 
summing individual contributions from gravitational forces [Equation 
(2811. Brownian motion (Figure 31, and London forces (Figure 4). 
Points were obtained from simultaneously considering al l  effects, 

while upper curve i s  Eq. (29). 

the present paper, the individual contributions to the 
deposition rate from each mechanism may be computed 
separately and subsequently summed to yield an approxi- 
mation to the total deposition rate. This procedure, known 
as the additivity rule, was tested by Yao et al. (1971) 
and found to be adequate for practical calculations. Their 
transport equation, however, ignores the difference be- 
tween non-Brownian particle velocity and fluid velocity as 
well as the variation of the diffusion coefficient with dis- 
tance. I t  is of interest to retest the additivity rule after in- 
cluding the considerations ignored by them. Figure 9 com- 
pares the deposition rates computed by (1) a rigorous 
consideration of coupling effects, (2)  summing individual 
contributions taken from Figures 3 and 4 together with 
Equation (28), and (3)  the equation of Yao et al.: 

1 3 Pe 
Sh = - RG + 0.995 ( P e )  1’3 + - - 

2 8 R2 

For the conditions selected, three regions may be distin- 
guished. Gravitational forces, Brownian motion, or London 
forces dominate for small, moderate, and large Peclet num- 
bers, respectively. Agreement between (1) and (2) is 
quite good, whereas (1) and (3)  differ by an order of 
magnitude at high Peclet numbers. This difference stems 
from the distinction between particle velocities and fluid 
velocities ignored in the analysis of Fuchs (1964) and Yao 
et al. (1971). However, if this distinction is considered in 
each of the individual contributions, the additivity rule 
yields results, in an easy manner, which agree reasonably 
well with the results obtained from a rigorous considera- 
tion of coupling effects. 

NOTATION 

(I 

a, 
A 

= radius of collector, cm 
= radius of particle, cm 
= Hamaker s constant, erg 

. v  

Ad =-(A) 4 R3 
3 kT Pa - 

b, bl, bp, n = parameters in transformation of the radial 

c = local concentration of particles, particles/cm3 
c, = concentration of particles far from collector, par- 

c = c/c,  

variable 

ticles/cm3 

D =  
D, = 
e =  
E =  
fl. f4 = 

f2, f 3  = 

gi = 

G =  
h =  

hmax = 
hmin = 
H =  
I =  
k =  
m =  
m. = 
N ,  = 
Ng = 
Pe = 
r =  
A =  
s, = 
sg = 
Sh = 
T =  

u =  
v =  
or = 
vg = 

u =  

local diffusion coefficient, cm2/s 
diffusion coefficient far from collector, cm2/s 
capture efficiency, e = I/aa2 p Uc,  
height of interaction energy barrier, erg 
correction factor for effect of wall proximity on 
radial and angular particle mobilities 
universal functions used to relate fluid and parti- 
cle velocities 
function whose value may be deduced from Fig- 
ure i 
4/3 s a p 4 ( p p  - p )  g / k T  
minimum separation between collector and parti- 
cle surfaces, cm 
separation at  which 4 is maximum, cm 
separation at which 4 is minimum, cm 
h/a, 
rate of deposition, particles/s 
Boltzmann’s constant, erg/”K 
mobility coefficient, cm/dyne-s 
mobility coefficient far from collector, enddyne-s 
radial particle flux, particles/cm2-s 
angular particle flux, particles/cm% 
Peclet number, Pe = 2a p U / D ,  
radial position of particle center, cm 
aspect ratio, R = a/a, 
radial fluid velocity, cm/s 
angular fluid velocity, cm/s 
Sherwood number, S h  = 21/4aaD,c, 
absolute temperature, O K  

F@/PU 
approach velocity, cm/s 
u,/pu 
radial particle velocity, cm/s 
angulii particle velocity, cm/s 

cm/s 
u ,  

Y = H + 1  

= terminal velocity of particle far from collector, 

Greek Letters 
(Y = integration constant, particleds 
al, a2 = proportionality constants 
B = flow parameter 
6 ~ ,  &, Srn = characteristic lengths defined in Table 1, cm 
7) = transformed radial position 
e 
p = fluid viscosity, g/cm-s 
p = fluid density, g/cm3 
pp = particle density, g/cm3 
4 
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Distribution Coefficients at High Dilution for 
Organic Solutes Between Water and 
Isobutane or Isobutylene 

To facilitate design of an extraction process for removal of organic 
solutes from petroleum and petrochemical waste streams, distribution- 
coefficient data were obtained for typical organic pollutants at high dilution. 
Volatile solvents were chosen because of their low solubility in water 
and because they are recovered easily. Samples from both the aqueous and 
the organic phase were analyzed chromatographically, To remove a sample 
from an equilibrium cell operating at pressures well above atmospheric, 
a special technique was developed using low-melting Indalloy for micro- 
encapsulation. 

Distribution coefficients at  ambient temperature are given for a variety 
of solutes, including esters, phenolics, ketones, and aldehydes. The results 
are correlated by a simple relation based on a perturbed-hard-sphere theory 
for dilute solutions. Isobutane or isobutylene may be particularly useful in 
a dual-solvent extraction process wherein a polar organic solvent is used to 
remove phenolics from water and the volatile C4 hydrocarbon is used in a 
secondary extraction to remove the polar solvent from water. 

SCOPE 
Extraction of organic solutes from industrial waste- 

waters provides one possible method for water-pollution 
abatement and for recovery of solutes having economic 
value. While extraction processes using conventional or- 
ganic solvents have often been described, little attention 
has been given to the use of low-molecular weight hydro- 
carbon solvents for extraction from aqueous solutions. 
While an extraction process using volatile solvents must 
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operate at elevated pressure, these solvents offer two im- 
portant advantages: their solubility in water is extremely 
low and solvent recovery is simple. 

While volatile hydrocarbons may, in some cases, effi- 
ciently remove organic pollutants from industrial waste- 
waters, their maximum utility may be in a dual-solvent 
extraction process applicable to aqueous waste streams 
containing phenolics and similar hard-to-remove organic 
pollutants. In such a process, the primary extraction uses 
a polar organic solvent of low volatility which effectively 
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